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SCRAMBLED AND DISTRIBUTIONALLY SCRAMBLED n-TUPLES
JANA DOLEZˇELOVA´*
Abstract. This article investigates the relation between the distributional chaos and the existence of
a scrambled triple. We show that for a continuous mapping f acting on a compact metric space (X, d),
the possession of an infinite extremal distributionally scrambled set is not sufficient for the existence
of a scrambled triple. We also construct an invariant Mycielski set with an uncountable extremal
distributionally scrambled set without any scrambled triple.
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1. Introduction
The first definition of chaotic pairs appeared in the paper [4] by Li and Yorke in 1975. One of the
most important extensions of the concept of Li-Yorke chaos is distributional chaos introduced in [1]. This
extended definition is much stronger - there are many mappings which are chaotic in the sense of Li-Yorke
but not distributionally chaotic. Another way how to extend the Li-Yorke chaos is looking on dynamics of
tuples instead dynamics of pairs. Since Xiong [5] and Smı´tal [7] constructed some interval maps with zero
topological entropy which are Li-Yorke chaotic, the Li-Yorke chaos is not sufficient condition for positive
topological entropy. But interval maps with zero topological entropy never contain scramled triples [6]
and hence existence of scrambled triple implies positive topological entropy. Consequently we can find a
dynamical system which is Li-Yorke chaotic but contains no scrambled triple. The natural question was
if there is a dynamical system which is distributionally chaotic but contains no distributionally scrambled
triple. Example in [8] contains no distributionally scrambled triple but still there were some scrambled
triples (in the sense of Li-Yorke) and therefore another open problem appeared - is there a distributionally
chaotic dynamical system without any scrambled triple? In this paper, we construct a dynamical system
which possess an infinite extremal distributionally scrambled set but without any scrambled triple. We
show the existence of an invariant Mycielski set which possess an uncountable extremal distributionally
scrambled set and has no scrambled triple. Because some scrambled triples occur in the closure of this
invariant set, the following question remains open: Does the existence of uncountable distributionally
scrambled set imply the existence of a scrambled triple?
2. Terminology
Let (X, d) be a non-empty compact metric space. Let us denote by (X, f) the topological dynamical
system, where f is a continous self-map acting onX . We define the forward orbit of x, denoted by Orb+f (x)
as the set {fn(x) : n ≥ 0}. A non-empty closed invariant subset Y ⊂ X defines naturally a subsystem
(Y, f) of (X, f). For n ≥ 2, we denote by (Xn, f (n)) the product system (X ×X × ...×X, f × f × ...× f)
and put ∆(n) = {(x1, x2, ..., xn) ∈ X
n : xi = xj for some i 6= j}. By a perfect set we mean a nonempty
compact set without isolated points. A Cantor set is a nonempty, perfect and totally disconnected set.
A set D ⊂ X is invariant if f(D) ⊂ D. A Mycielski set is defined as a countable union of Cantor sets.
Definition 1. A tuple (x1, x2, ..., xn) ∈ X
n is called n-scrambled if
lim inf
k→∞
max
1≤i<j≤n
d(fk(xi), f
k(xj)) = 0 (1)
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and
lim sup
k→∞
min
1≤i<j≤n
d(fk(xi), f
k(xj)) > 0. (2)
A subset S of X is called n-scrambled if every n-tuple (x1, x2, ..., xn) ∈ S
n \∆(n) is n-scrambled. The
system (X, f) is called n-chaotic if there exists an uncountable n-scrambled set.
Definition 2. For an n-tuple (x1, x2, ..., xn) of points in X , define the lower distribution function gener-
ated by f as
Φ(x1,x2,...,xn)(δ) = lim inf
m→∞
1
m
#{0 < k < m; min
1≤i<j≤n
d(fk(xi), f
k(xj)) < δ},
and the upper distributional function as
Φ∗(x1,x2,...,xn)(δ) = lim sup
m→∞
1
m
#{0 < k < m; max
1≤i<j≤n
d(fk(xi), f
k(xj)) < δ},
where #A denotes the cardinality of the set A.
A tuple (x1, x2, ..., xn) ∈ X
n is called distributionally n-scrambled if
Φ∗(x1,x2,...,xn) ≡ 1 and Φ(x1,x2,...,xn)(δ) = 0, for some 0 < δ ≤ diam X.
A subset S of X is called distributionally n-scrambled if every n-tuple (x1, x2, ..., xn) ∈ S
n \ ∆(n) is
distributionally n-scrambled. The system (X, f) is called distributionally n-chaotic if there exists an
uncountable distributionally n-scrambled set.
Definition 3. A subset S ofX is called extremal distributionally n-scrambled if every n-tuple (x1, x2, ..., xn) ∈
Sn \∆(n) is distributionally n-scrambled with Φ(x1,x2,...,xn)(δ) = 0, for any δ < diam X.
Let A = {0, 1, ..., n− 1}, n ≥ 2, be a finite alphabet and Σn a set of all infinite sequences on A, that
is, for u ∈ Σn, u = u1u2u3 . . ., where ui ∈ A for all i ≥ 1. We define a metric on Σn by
d(u, v) =
∞∑
i=1
δ(ui, vi)
2i
,
where
δ(ui, vi) =
{
0, ui = vi
1, ui 6= vi.
The shift transformation is a continuous map σ : Σn → Σn given by σ(u)i = ui+1.The dynamical system
(Σn, σ) is called the one-sided shift on n symbols. Any closed subset X ⊂ Σn invariant for σ is called a
subshift of (Σn, σ).
Any finite string B of some u ∈ Σn is called a word (or a block) and the length of B is denoted by |B|.
Let B = b1 . . . bn and G = g1 . . . gn be words. Denote by BG = b1 . . . bng1 . . . gn and for the case of Σ2
denote by B¯ the binary complement of B.
The Morse block Mi is defined inductively such that M0 = 0, and Mi = Mi−1M i−1, for all i > 0.
The Morse sequence m ∈ Σ2 is the limit of the Morse blocks, i.e. m = limi→∞Mi . This sequence m
generates the infinite Morse minimal set M = cl{m,σ(m), σ2(m), . . .} and it is known that, for all words
B ⊂ m, the sequence m contains no block BBb, where b is the first element of block B (cf. [3]). Denote
this property by P .
3. Scrambled and distributionally scrambled n-tuples
We will show that the existence of an infinite extremal distributionally scrambled set doesn’t imply
the existence of a scrambled triple. Then we construct an invariant Mycielski set with an uncountable
extremal distributionally scrambled set without any scrambled triple.
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Lemma 1. Let {ai}
∞
i=1 be a strictly increasing sequence of positive integers such that, for every n ≥ 1,
an and n have the same parity. Then the point x = Ma1Ma2Ma3 . . . is contained in the Morse minimal
set.
Proof. Since an and an+1 have different parity, for every n ≥ 1, the Morse block Man+1 ends with M¯an
Man+1 = ManM¯anM¯anMan . . . M¯an .
By the construction of the Morse sequence m and the previous property, we can observe
σ3·2
a2−2a1 (m) = Ma1Ma2M¯a2Ma2Ma2M¯a2 . . .
σ3·2
a3−2a1−2a2 (m) = Ma1Ma2Ma3M¯a3Ma3Ma3M¯a3 . . .
...
Since σrn(m) starts with blocks Ma1Ma2Ma3 . . .Man , where rn = 3 · 2
an −
∑n−1
i=1 2
ai , for all n > 1, the
point x = limn→∞ σ
rn(m) is contained in the Morse minimal set. 
Theorem 1. There exists a dynamical system X with an infinite extremal distributionally scrambled set
but without any scrambled triple.
Proof. Let W1,W2,W3, . . . be the following infinite decomposition of even numbers into infinite sets:
W1 = {2
n · 1, n ≥ 1},
W2 = {2
n · 3, n ≥ 1},
W3 = {2
n · 5, n ≥ 1},
...
Let {an}
∞
n=1 be an increasing sequence of positive integers with limn→∞ an/an+1 = 0 and, for every
n ≥ 1, an and n have the same parity. Then
lim
n→∞
∑n−1
i=1 2
ai
2an
= 0. (3)
We construct the point xi as a sequence of blocks
Ma1M
i
a2
Ma3M
i
a4
Ma5M
i
a6
Ma7M
i
a8
. . .
where
M iaj =
{
Maj , if j /∈Wi
M¯aj , if j ∈Wi.
Remark 1 Let i be a fixed positive integer. Then the first complementary block M¯aj appears in the
construction of xi for j = 2 · (2i− 1),
xi =Ma1Ma2Ma3Ma4Ma5 . . .Ma2·(2i−1)−1M¯a2·(2i−1) . . . .
Hence the sequence {xi}∞i=1 converges and limi→∞ x
i = x, where x is the point constructed in Lemma 1.
Let D = {xi}∞i=1. We claim D is distributionally 2-scrambled set and X = cl(∪
∞
i=0σ
i(D)) is the wanted
dynamical system.
I. D is extremal distributionally 2-scrambled set
Let (xi, xj) ∈ D2 be a pair of distinct points. For simplicity denote sk =
∑k
n=1 2
an . Let l be a
fixed positive integer and ǫ = 12l . Since (x
i)n = (x
j)n if s2k < n ≤ s2k+1, for any k > 0, we have
d(σn(xi), σn(xj)) < ǫ for all s2k < n < s2k+1 − l. By (3),
lim
k→∞
2a2k+1 − l
2a2k+1 + s2k
= 1,
so it is easy to see that Φ∗
xi,xj
(ǫ) = 1, for arbitrary small ǫ, and hence Φ∗
xi,xj
≡ 1.
On the other hand, there is a sequence {lk}
∞
k=1 ⊂Wi ∪Wj such that (x
i)n = (xj)n if slk−1 < n ≤ slk , for
any integer k. Since (xi)m = (xj)m, for m = 1, 2, . . . r, implies d(x
i, xj) ≥
∑r
m=1
1
2m and (σ
n(xi))m =
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(σn(xj))m, for all slk−1 < n < slk − r and m = 1, 2, . . . r, it follows d(σ
n(xi), σn(xj)) ≥
∑r
m=1
1
2m for all
slk−1 < n < slk − r. Because
lim
k→∞
slk−1
slk−1 + 2
alk − r
= 0,
it is easy to see that Φxi,xj(
∑r
m=1
1
2m ) = 0, for arbitrary large r, and hence Φxi,xj(δ) = 0, for any
0 < δ < 1.
II.
⋃∞
i=0 σ
i(D) has no scrambled triples
Let (xi, xj , xk) ∈ D3 \∆(3). Since
M i2n = M
j
2n or M
i
2n = M
k
2n or M
j
2n =M
k
2n,
and M2n−1 is the common block for all x
i, xj , xk and every n > 1, we can assume
lim
n→∞
min{d(σn(xi), σn(xj)), d(σn(xi), σn(xk)), d(σn(xk), σn(xj))} = 0
and consequently, condition (2) is not satisfied and D has no scrambled triples. For the same reason
σn(D) has no scrambled triples, for any n > 0. It follows that any potential scrambled triple in X must
contain some pair σp(u), σq(v), where p < q and u, v ∈ D. To prove that for such tuple the condition (1)
is not fulfilled, it is sufficient to show that
lim inf
k→∞
d(σk(σp(u)), σk(σq(v))) > 0,
where p < q and u, v ∈ D. Assume the contrary - let lim infk→∞ d(σ
k(σp(u)), σk(σq(v))) = 0 and denote
r = q − p > 0. Then we can find an infinite subsequence {kn}
∞
n=1 such that both σ
kn(σp(u)) and
σkn(σq(v)) begin with the same block Gn of length 14r and obviously these blocks can be found also in
the sequence u and, shifted by r, in v. For sufficiently large n, Gn is in the sequence u either contained
in some Morse block or is on the edge of two following Morse blocks, but at least the first 7r digits or
the last 7r digits of block Gn are contained in a single Morse block. Denote this block M
(u)
aj , where M
(u)
aj
is either Maj or Maj ), depending on u and j, and these 7r consecutive digits of Gn by G = g
u
1 g
u
2 ...g
u
7r.
This G appears in v shifted by r, so we can conclude that the first 6r digits gv1g
v
2 ...g
v
6r of G in v are
in M
(v)
aj . The block M
(v)
aj is either the same Morse block as M
(u)
aj or its binary complement. In the
first case, gu1 = g
v
1 = g
u
r+1 = g
v
r+1 = g
u
2r+1 = ... = g
u
5r+1 and similarly for g
u
2 , ..., g
u
r and therefore
we obtained a block BBBBBB which is impossible since M
(u)
aj is a Morse block. In the second case,
gu1 = g
v
1 = g
u
r+1 = g
v
r+1 = g
u
2r+1 = g
u
2r+1 = ... = g
u
4r+1 and similarly for g
u
2 , ..., g
u
2r and therefore we
obtained a block BBB which is a contradiction with M
(u)
aj is a Morse block.
Remark 2 By the same argument, (xi, xj , x) is never scrambled triple, where x = limi→∞ x
i.
III. If y ∈ X \
⋃∞
i=0 σ
i(D), then there exists a nonnegative integer n such that σn(y) is contained in
the Morse minimal set M .
Suppose the contrary. By [3], the points of Morse minimal sets are characterised by the property P and
therefore we can find two distinct blocks B1B1b1 and B2B2b2 which appears in y, where b1 denotes the
first element of B1 and b2 denotes the first element of B2. Suppose that the last element of B1B1b1 is on
the k1-th position in y, the last element of B2B2b2 is on the k2-th position in y and k2 > k1 + 2 · |B2|.
Since y is contained in the closure of ∪∞i=0σ
i(D), there are sequences {xmi}∞i=1 and {ni}
∞
i=1 such that
y = lim
i→∞
σni(xmi),
and suppose all sequences σni(xmi) have the same first k2 symbols. Let j be an integer such that
2aj > k2. We can observe that ni is bounded by
∑j−1
l=1 2
l for all i > 0 - for larger ni the block of the
first k2 symbols would be part of a single Morse block, but by assumption there is B1B1b1 inside of the
block of first k2 symbols. Hence there is a nonnegative integer N and a subsequence {x
mik }∞k=1 such that
y = limi→∞ σ
ni(xmi) = limi→∞ σ
N (xmik ) = σN (x), where the last identity follows from the Remark 1.
By Lemma 1, y = σN (x) ∈M and this is a contradiction with assumptions.
IV. X has no scrambled triples By [9] the Morse minimal set is a distal system, i.e. all pairs in
this set are either distal or asymptotic. Hence the only potential scrambled triples are (xi, xj , y), where
y ∈ X \ ∪∞i=0σ
i(D) and xi, xj ∈ D. By the previous step, it is sufficient to show that (xi, xj , y), where
y ∈M , is not a scrambled triple. Since y ∈M and x ∈M by Lemma 1, the pair (x, y) is either distal or
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asymptotic:
a) (x, y) is distal pair
Sequences x, xi, xj are exactly the same except of blocks M ial and M
j
al
where l ∈ Wi ∪Wj and it holds
M ial =M
j
al
, for l ∈Wi ∪Wj . Therefore (x
i, xj , y) is not proximal.
b) (x, y) is asymptotic pair
The triple (xi, xj , x) is not scrambled by Remark 2, therefore (xi, xj , y) is not scrambled.

To prove Theorem 2, we need the next lemma:
Lemma 2. There is a Cantor set B ⊂ {0, 1}N such that, for any distinct α = {α(i)}∞i=1 and β = {β(i)}
∞
i=1
in B, the set
{j ∈ N;α(j) 6= β(j)} is infinite. (4)
Proof. By Lemma 5.4 in [1] there is an uncountable Borel set B ⊂ {0, 1}N satisfying (4). The result
follows from Alexandrov-Hausdorff Theorem [2]. 
Theorem 2. There exists an invariant Mycielski set X ⊂ Σ2 with an uncountable extremal distribution-
ally 2-scrambled set but without any 3-scrambled tuple.
Proof. We will denote by M0i the Morse block Mi and by M
1
i the binary complement of Mi. Let
α = {α(i)}∞i=1 be a point of B where B is the set from Lemma 2. Let {an}
∞
n=1 be an increasing sequence
of positive integers with limn→∞ an/an+1 = 0. Then
lim
n→∞
∑n−1
i=1 2
ai
2an
= 0. (5)
We construct a point xα as a sequence of blocks
Mα1a1 M
0
a2
Mα2a3 M
0
a4
Mα3a5 M
0
a6
Mα4a7 . . . .
Let D = {xα;α ∈ B}. We claim D is extremal distributionally 2-scrambled set and X = ∪∞i=0σ
i(D) is
the wanted Mycielski set.
I. D is extremal distributionally 2-scrambled set
Let (u, v) ∈ D2 be a pair of distinct points. For simplicity denote si =
∑i
j=1 2
aj . Let l be a fixed
integer and ǫ = 12l . Since ui = vi if s2k−1 < i ≤ s2k, for any k > 0, we have d(σ
i(u), σi(v)) < ǫ for all
s2k−1 < i < s2k − l. By (4),
lim
k→∞
2a2k − l
2a2k + s2k−1
= 1,
so it is easy to see that Φ∗u,v(ǫ) = 1, for arbitrary small ǫ, and hence Φ
∗
u,v ≡ 1.
On the other hand, there is a sequence {lk}
∞
k=1 such that ui = v¯i if slk−1 < i ≤ slk , for any integer k.
Since um = v¯m, for m = 1, 2, . . . r, implies d(u, v) ≥
∑r
m=1
1
2r and it follows d(σ
i(u), σi(v)) ≥
∑r
m=1
1
2r
for all slk−1 < i < slk − r and m = 1, 2, . . . r. Because
lim
k→∞
slk−1
slk−1 + 2
alk − r
= 0,
it is easy to see Φu,v(
∑r
m=1
1
2m ) = 0, for arbitrary large r, and hence Φu,v(δ) = 0, for any 0 < δ < 1.
II. X has no scrambled triples
Let (xα, xβ , xγ) ∈ D3 \∆(3). Since αi, βi, γi ∈ {0, 1}, for any integer i,
Mαi2i−1 = M
βi
2i−1 or M
αi
2i−1 = M
γi
2i−1 or M
βi
2i−1 =M
γi
2i−1,
and M02i is the common block for all x
α, xβ , xγ , we can assume
lim
k→∞
min{d(σk(xα), σk(xβ)), d(σk(xα), σk(xγ)), d(σk(xγ), σk(xβ))} = 0
and consequently, condition (2) is not satisfied and D has no scrambled triples. For the same reason
σi(D) has no scrambled triples, for any i > 0. It follows that any potential scrambled triple in X must
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contain some pair σp(u), σq(v), where p < q and u, v ∈ D. The fact that for such tuple the condition
(1) is not fulfilled, can be proven in the similar way to the second step of the proof of the previous theorem.
III. X is a Mycielski set
Let h : B → D be a bijection such that, for all α ∈ B,
h(α) = x(α).
To prove that h is homeomorphism, it is sufficient to show that h is continuous. Let {αm}
∞
m=1 be a
converging sequence in B, i.e. limm→∞ αm = α. Then for an arbitrary i > 0 there is an m0 such
that, for all m > m0, the first i members of the sequences αm and α are equal. Therefore also the first
2a1+2a1+2a2+. . .+2a(2i−1) members of xαm and xα are equal and this exactly means limm→∞ x
αm = xα,
hence h is homeomorphism and D is a Cantor set. Since D is distributionally 2-scrambled, the mapping
σi|D : D → σ
i(D) is one-to-one and σi|D is homeomorphism for every i ≥ 1. Thus X is the union of
Cantor sets. 
Remark 3 There are some scrambled triples (xα, xβ , x) in the closure of X , where x ∈ cl(X) \X and
depends on the parity of {an}
∞
n=1. If an and n have the same parity, then there exist α and β such that
(xα, xβ , x) is scrambled, where x = Ma1Ma2Ma3Ma4 . . ..
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